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Detrending on Steroids...
MSF Characterization via Freeform Polynomials
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Abstract: Robust algorithms associated with the orthogonal polynomials used for specifying
freeform shapes enable novel characterizations of mid-spatial frequency structure. This
observation suggests tools that seem well matched to applications in the precision optics domain.
OCIS codes: (220.1250) Aspherics; (220.4840) Testing; (220.4610) Optical fabrication.

1. Introduction
The subaperture processes used in the production of high-precision optics with complex shapes have given renewed
importance to the specification and characterization of the mid-spatial frequency structure (MSF) on those surfaces.
This is largely because, unlike traditional full-aperture polishing, subaperture finishing does not strip away MSF as a
free side-effect. This applies to the production of high-precision freeform optics, of course, where there is a variety
of conventions for specifying nominal shapes. A recent paper was devoted to converting any analytic sag function
to a number of orthogonal bases in polar form [1]. The most robust and FFT-like process emerged for fitting to the
particular gradient-orthogonal basis that expresses a surface’s sag, say z = f ( ρ ,θ ) , as
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where u = ρ / ρ max and Qnm ( x ) is a polynomial of order n . Here, ρmax is the semi-diameter of a cylinder that
encloses the surface. The fitting process efficiently determines values for c , anm , and bnm , and it is straightforward
to re-express these polynomial coefficients as α nm , and φnm so that anm cos mθ + bnm sin mθ = α nm cos(mθ − φnm ) . As
discussed in [2], the Cartesian order of the contribution associated with α nm is given by

⎧2n + 4,
m = 0,
t = ⎨
(1.2)
m > 0.
⎩2n + m,
To accomplish this fit, orthogonality is exploited to avoid matrix inversion. The fitting involves sampling the sag at
specific locations and, much as for a discrete Fourier transform, the number of fitted coefficients approximately
matches the number of sampled sag values. The end result is remarkably efficient. The familiar trick, of course, is
simply to fit with sufficiently many terms that aliasing is pushed to insignificance.
The first part of the talk concerns these sampling and fitting methods for nominal part shapes. With those
methods in place, however, it is natural to consider their application to metrology data for as-built parts, and that is
the second topic in the talk. While the specific sampling patterns mean that this is perhaps more directly applicable
to CMM-like profilometry tools, interpolation gives a simple first option for working with pixilated data. More
general (and less efficient) variants of the algorithm can cope better with non-circular and pixilated data, but the
main messages about new spectral breakdowns of MSF can be appreciated simply upon examining synthetic cases.
2. Properties of the new spectra
Experience with Fourier methods means that frequency decomposition becomes second nature, but it is not at all
clear what a specific frequency corresponds to over any particular aperture on a curved surface. Nevertheless, it is
intuitive for fabricators and others working on surface specs and tolerancing to wish for a clear quantification of
surface structure that is broken down somehow into different length scales. A glimpse of how this is achieved by a
polynomial spectrum follows upon initially analysing structures that are precisely sinusoidal when projected onto a
plane that is normal to the enclosing cylinder. One such case is shown in Fig. 1. The sum of the squares of all α nm
of Cartesian order t gives a partially summed spectrum St , and the definitive property of Qnm means that the sum

FM2B.1.pdf

Renewable Energy and the Environment Congress © 2013

over t of St is just the mean square gradient of the fitted polynomial over the disc. As suggested by Fig. 1, it is
both striking and significant that contours of a sinusoid’s spectrum correspond closely to contours of t .

Figure 1 A 25-period sinusoid is presented at left on a linear colour scale. The associated coefficient amplitudes are
plotted on a logarithmic colour scale in the centre in terms of discrete values of m and n. Their peak value is shown next to
the red block of the legend and each colour below that in the legend represents a reduction by a factor of ten down to 10-7
times the peak. The partially summed spectrum is presented at right. The rms gradient is given by the square root of the
sum of these values, and the result is shown as “rss” in that plot since it is the root-sum-square of all the coefficients.

It is shown in [1] that α nm —hence these spectra— are precisely invariant under rotation of the part. Interestingly,
changing the phase of sinusoidal structure simply uniformly rescales the amplitudes in even and odd columns of
both spectra shown above with a factor between zero and one. It is readily seen that, for a sinusoid of wavelength
λ , the partially summed spectrum peaks near t ≈ 2π ρmax / λ . This gives an interpretation for the frequency axis
of that spectrum and means that we have the familiar general trend that stretching in one domain, causes shrinkage
in the other. It also follows that the spectrum can be used as a tool for isolating/defining different spatial scales in
the data. As an example, it is informative to “band pass” a few distinct components as shown in Fig. 2.

Figure 2 The data in Fig. 1 after novel low-, medium-, and high-pass filtering. These plots contain only the components
in the data from (a) t = 1 to 30 at left, (b) t = 31 to 60 in the central plot, and (c) t = 61 to 90 at right. The rms gradient (rss)
for these three bands is 12.1, 24.9, and 48.5, respectively, and their standard deviation is displayed in the plots. The sum of
these three components matches the original data to within a thousandth of the PV; the balance falls in t > 90.

Interestingly, spectra derived from polynomials orthogonalized over a disc (such as Zernikes or Q) evidently judge
spatial variations to be of lower frequency if that structure is closer to and parallel to the aperture’s edge, see Fig. 2.
These plots give an idea of how this sort of spatial filtering can be expected to behave in more general cases.
3. Synthetic data
The spectrum for a synthetic data set constructed to contain a number of the signatures that tend to be generated by
subaperture tools is shown in Fig. 3. The original data is shown at top left in Fig. 4. The spectrum clearly reveals
structure that cannot be seen readily in the data. For example, the high values for large n when m = 0 indicates
some sharp ring structure, and the anomalously large values in the columns wherever m is a multiple of 14 flag
spoking with 14 primary lobes. Fig. 1 suggests that the diagonal banding in this spectrum may indicate a raster-like
pattern, as is indeed confirmed in the distinct spatial bands isolated in Fig. 4. This powerful process exposes the
signatures of rastering as well as rings and spokes and provides an effective quantification of those residuals.
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Figure 3 The peak value in the spectrum for the data in Fig. 4 is shown in the inset above as 2.3 and the colour legend
steps down once again in powers of ten to purple for an amplitude of 2.3e-7; smaller values are present, of course, but
simply not displayed. The associated partially summed spectrum (PSS) is plotted at right on a log scale.

Figure 4 (a) The original synthetic data set at top left. The components in that data from (b) t = 1 to 10 at top centre, (c) t
= 11 to 24 at top right, (d) t = 25 to 64 at bottom left, (e) t = 65 to 84 at bottom centre, and (f) t = 85 to 140 at bottom right.

4. Conclusions
To limit the corruption caused by spectral leakage, MSF characterization traditionally involves an oftentimes
frustrating combination of detrending, windowing, and FFTs. For optical surfaces with roughly circular aperture
shapes, the capabilities discussed here amount to using nothing more than detrending, but now taken to extreme
orders that have long been thought to be inaccessible. Among other things, this means that the information lost in
windowing need no longer be sacrificed. Although not shown above, the fit residual itself also contains valuable
information, of course. Because it is built on polar coordinates, it can be expected that such a process can provide
diagnostics naturally suited to parts created by rotational fabrication steps. Surprisingly, however, it is evidently
also effective for parts that contain signatures of rastering. As a result, spectra like these are not only ideal for
specifying nominal shape in a range of applications, but also show exciting potential for as-built characterization.
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